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The acceleration guidance concept is to plan an aerodynamic acceleration profile that integrates to the desired
final position and velocity and satisfies all vehicle constraints and to track the acceleration profile. The longitudinal
entry guidance for the space shuttle is acceleration guidance; a drag deceleration profile thatintegrates to the desired
downrange and satisfies the vehicle constraints is planned and tracked primarily by bank-angle adjustments. The
kinematics relating the drag profile to the downrange assume that the entry trajectory is a great circle arc. In
this paper we consider lateral as well as longitudinal motion in acceleration planning. Three differential equations
that are the kinematic relations between the aerodynamic accelerations and the position and velocity variables
with energy as the independent variable are used as the basis for two methods of planning the drag and lateral
acceleration profiles. The first is simpler and produces a feasible trajectory for a given angle-of-attack profile.
The second requires more computation, but produces an optimal trajectory using both angle-of-attack and angle-
of-bank variations to control the entry trajectory and has greater capability to shape the entry trajectory. Both
methods are demonstrated using an X-33 vehicle model. The optimal method is capable of achieving a specified
final heading angle and adjusting the number of bank reversals.

Introduction

HE entry guidance method used by Space Shuttle Orbiter has

proven effective for the current space transportation system
and was selected as the baseline method for the next generation
reusable launch vehicle (RLV) technology demonstrators: X-33,!
X-34, and X-37. Our purpose in this paper is to extend this method
to allow greater entry capability for future RLVs. Other promising
approaches’® have also beendevelopedsince the space shuttleentry
guidance.

Experience in entry vehicle guidance prior to the space shuttle
led to the conclusion’ that entry guidance schemes should be cen-
tered on aerodynamic acceleration. Aerodynamic acceleration can
be accurately measured and translated into position and velocity
via kinematic relations. Predictive guidance schemes that rely too
heavily on knowing how the angles of attack and bank translate into
aerodynamic accelerations are not sufficiently robust. For example
the Gemini entry guidance commanded the bank angle required to
reach the landing target based on force modeling and prediction; the
actual lift-to-dragratio (L/D) of Gemini III was 35% lower than the
predictedvalue, which was a significant contributorto the 60-n mile
landingerror.” Although aerodynamic force modelingis more accu-
rate today, it continuesto be a significant source of error with which
guidance schemes must contend.

The entry guidance algorithms for Apollo (excluding the initial
skip out and reentry maneuver for extending range, which was never
used) and the precision recovery including maneuvering entry ve-
hicle were based on tracking a stored drag acceleration profile to
control downrange. Acceleration guidance proved to be robust to
L/D variations and many other errors. The longitudinal portion of
the space shuttle entry guidance® is acceleration guidance, with the
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important added capability of replanning the drag acceleration pro-
file during flight to null the predicted downrange error. Wingrove’
provides a useful overview of accelerationand other entry guidance
approaches. More recently there have been several'®~'* extensions
and applications of drag acceleration guidance.

One means of controlling the flight path of an unpowered lifting
entry vehicleis to adjustthe bank angle and thus control the direction
of the lift vector. The drag accelerationis controlled by the vertical
component of the lift.” For a given angle of attack, the vertical
component of lift dictates the lateral component of lift, except for
the sign of this component. Whenever the lift vector has a nonzero
lateral component, the direction of the lateral component—tight
or left—can be chosen to reduce the heading error. In addition to
accelerationguidancefor downrange,the shuttle guidanceincludesa
cross-rangelogic for commanding the sign of the lateral component
of lift, or equivalently the sign of the bank angle.

The shuttle entry guidance has been very effective; however, the
next generation of RLVs and orbital transfer vehicles would benefit
froma greaterlevel of autonomy and capabilityrelative to that of the
shuttle. Our objectivein this paperis to develop a more capableentry
trajectory planning method that would be applicable to large cross-
range entries and onboard abort planning. Our approachis to extend
the planning portion of the shuttle entry guidance while retaining
its attributes. In particular, we will consider lateral motion as well
as the longitudinalmotion and not assume, in contrast to the shuttle
planning, that the entry trajectory is a great circle arc. We note that
these developments are not necessary for effectively guiding the
nominal shuttle entry because the feasible landing footprint for the
shuttle is sufficiently restrictive relative to the footprint dictated by
its maneuvering capability alone because of a variety of additional
constraints. For the Hermes spaceplane, which needed to use much
of its cross-range capability without sacrificing accuracy, the space
shuttle-typeentry guidance was judged'® inadequate. The proposed
scheme was to compute a reference trajectory prior to flight, store
the corresponding aerodynamic acceleration profiles onboard, and
use a feedback law to track the accelerations. For entry the drag
and lateral accelerations corresponding to the reference trajectory
were tracked by commanding both angle of attack and angle of
bank. Simulations showed this scheme to be effective; however, the
fact that it is based on a precomputed reference trajectory limits
its autonomy and adaptivity. For next generation RLVs enhanced
onboard entry planning capability would be a beneficial step toward
the often stated goal of more aircraft-like operations.

In this paper we present two methods for planning both the drag
and lateral accelerations. The methods are based on a reduced-order



258 MEASE ET AL.

model. The methods are natural extensions of the drag planning
technique used in the space shuttle guidance. The first method
assumes an angle-of-attackprofile, as in the shuttle entry planning,
and produces a feasible trajectory. It starts with drag acceleration
planning based on the great circle arc approximation, but then suc-
cessively refines the drag and lateral accelerations to account for
the trajectory curvature in the lateral direction. The second method
requires more computation, but produces an optimal trajectory and
offers more flexibility. In the second method an adjustable angle
of attack is assumed. For an entry vehicle with an adjustable trim
angle of attack, it is possible to independently adjust the vertical
and lateral components of lift within certain limits, thus offering
more freedom in controlling the trajectory. The space shuttle does
use angle-of-attack modulation as a supplementary trajectory con-
trol mechanism, but this independentmeans of trajectory control is
not considered in the acceleration planning.

Entry Planning Problem

Entry Dynamics

The state space for the translational motion (i.e., the position-
velocity space) is six-dimensional. Because we will model the entry
dynamics as time independent, we can consider five state variables
to be functions of a sixth state variable if this sixth state variable is
strictly monotonic along the trajectories of interest. We shall con-
sider five state variablesas functionsof the strictly decreasingenergy
E defined by

E=3V2—(u/r—p/ry) (1)

where V is the Earth-relative velocity magnitude;r and r, are the ra-
dialdistancesfrom the planetcenterto the vehiclecenter of mass and
the planet surface, respectively;and u is the gravitational constant.
This is an appropriate formulation’ for the entry problem because
the terminal conditions are given at an energy value, whereas time
plays no role. The formulation does require that the trajectory seg-
ment under considerationhas a consistently decreasing energy. For
an entry trajectory the initial state must be specified at a point where
the drag has become significant. ) )

Denoting d(-)/dE by (-)’, using (-) =(1/E)d(-)/dt and E =
—DV, ignoring the coriolis and centripetal accelerations caused
by rotation and neglecting winds, the translational equations of
motion'® for the center of mass of an unpowered vehicle of constant
mass take the form
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where 6 is the longitude, ¢ is the latitude, y is the flight-path angle,
and ¥ is the heading angle with ¢ =0 radians corresponding to
flight due east and y = /2 radians corresponding to flight due
north. In these equations V2 should be interpreted as a function
of E and r, specifically, V> =2[E + (u/r — u/r,)]. Because the
velocity V can be determined from r and E, only five equations
are necessary. The bank angle o is defined such that the lift vector
is in the vertical plane at zero bank angle and positive bank angle
correspondsto bankingto the right. The accelerationfrom gravity is
g =u/r% L and D representthe lift and drag accelerations(specific
forces) and are given by

L=21p(r)V?-S/m-C,la, M(E,r)]
D =21p(r)V*-S/m-Cpla, M(E,r)] (3)

where p(r) is the density as a function of the radial distance r; C,,
and C), are the lift and drag coefficients, which depend on the angle

of attack & and Mach number M (E, r); S is the reference area; and
m is the vehiclemass. In performingcomputationsitis advantageous
to express r in units of r; g, D, and L in units of g, = u/rf; and
E in units of 1/r,. Because these are consistentunits, no change in
the equations of motion [Egs. (2)] are required.

The Coriolis and centripetal accelerationterms could be included
in Egs. (2). Given specific accuracy requirements, an error analysis
would determine whether either or both of these terms are required.
One advantage to not including them is that it allows us to redefine
our coordinates in a more convenient way (see Coordinate Redefi-
nition subsection). Our basic approach is applicable however even
if these terms are included.

Vehicle and Control Constraints
The vehicle constraints on the maximum dynamic pressure, aero-
dynamic acceleration, and heating rate are given by

q = %pvz = Gmax
A= (D + L) = D[+ (L/D)’1} < Ay,
0 =c\pV* < O )

where k =3.15 is used for the numerical results presented later.
In the full-order state formulation we are discussing, the angle-of-
attack o and the angle-of-banko are taken to be the controls. There
may be restrictions on the values of both controls. In this paper we
only consider energy-dependentbounds on «; namely, we require
that Ol(E) € [amin (E), amax(E)]~

Problem Statement

To simplify notation, letx = (0, ¢, ¥, , ) denote the state. The
entry dynamics are expressed conciselyas x’ = f(x, «, ). The tar-
get longitude 0 and latitude ¢ ; are given at a specified final energy
E;; these specifications are represented as terminal equality con-
straintsT[x (E)1=[0(E;) =0, p(E;) — 1" = (0, 0)". Thereis
typically an allowable interval of final altitudes. Our trajectory plan-
ning approach addresses this requirement indirectly, but we do not
include this requirement in our problem statement.

The entry trajectory planning problem is as follows: given the
state x(Ey) at an initial energy Ey, the terminal constraints and
the vehicle constraints, determine feasible controls [« (E), o (E)]
on the interval [Ey, Ef]. Feasible means that the state trajectory
and the controls satisfy the boundary conditions and the vehicle and
control constraints.

Existence and Uniqueness of a Solution

For eachinitial conditionthere s a five-dimensionalreachableset
RIEf; x(Ep)] of terminal states contained in the five-dimensional
terminal energy slice, defined by E = E, of the six-dimensional
state space. The terminal conditionsare two independentconstraints
on the final state and define a three-dimensional terminal manifold
in the terminal energy slice of the state space. If the intersection of
the terminal manifold and the reachable set is empty, then there is
no solution to the entry problem. If the intersection is nonempty,
then a solution exists. In this case the solution typically will not be
unique, unless the intersectionis a single point on the boundary of
the reachable set, for instance, the maximum range solution.

Solution Quality

In cases where there are multiple solutions to the entry problem,
there are desirable solution qualities that can be used to distinguish
and choose between them. The rates and accelerationsof the angles
of attack and bank should not be too high. The trajectory should
not have rapid changes in altitude and speed; these rapid changes
are avoided if y’ is small, that is, by flying in near-equilibrium
glide. The final heading angle should be compatible with the needs
of the TAEM phase guidance. The trajectory and controls should
have sufficient margins from the constraintboundaries to allow for
dispersions. There are also control authority and further heating
considerations that are addressed next.
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At each energy and each magnitude of the bank angle, there is a
minimum vertical component of lift

(L coso)pn =8 — V?/r 3)

dictated by the equilibrium glide boundary; below this minimum
vertical lift the vehicle cannot generate enough lift force to balance
the effective weight. For each value of o, thereis a maximumaltitude
thatcorrespondsto the equilibriumglide boundary. The vehicle does
nothave enough controlauthorityto sustainlevel flightabove this al-
titude, although transientexcursions are possible. By staying within
the equilibrium glide boundary, there is excess vertical lift capabil-
ity for trajectory control. In the case of supercircularspeed, it would
be necessary to consider bank angles satisfying (g — V2 /r) < 0 and
|o| > 7 /2 radians.
It may be desirable to minimize the heat load

Ef . (dE -1
0 :/ Q(—) dE (6)
o dr

depending on the type of thermal protection used for the vehicle.
Minimizing the heatload is accomplishedby flying on the active ve-
hicle constraintboundary—dynamic pressure, heating rate, or aero-
dynamic acceleration—for much of the trajectory, which shortens
the flight time.'3

Coordinate Redefinition

Because we are not accounting for planet rotation, the “equato-
rial” plane can be defined as any plane containing the planet center
without having to change the equations of motion. For trajectory
planning when the initial and target positions are given, it is conve-
nientto define the equatorialplane as the plane containingthe initial
position of the vehicle (more precisely the center of mass position)
and the target position. The “north pole” is directed such that the
shortest path to the target is in the easterly direction. Henceforth,
we shall refer to this plane as the target plane. The initial and target
positions will always have ¢ =0, which is the equation for the tar-
get plane. The corresponding heading angle is measured from the
direction corresponding to “east” in this target coordinate frame.

Space Shuttle Drag Acceleration Planning

The space shuttle atmospheric descent is divided into three
phases: hypersonic entry, terminal area energy management
(TAEM), and approach and landing. The hypersonic entry guid-
ance targets to a desired TAEM interface condition;this conditionis
specified by a longitude, latitude, altitude, and speed. The specified
speed is about Mach 2. (What we are calling the hypersonic entry
phase includes some supersonic flight.)

The onboard trajectory planning® for the shuttle assumes that
the hypersonic portion of the entry trajectory is a great circle arc
extendingfrom theradialline containingthe initial or currentvehicle
position to the radial line containing the desired TAEM interface
position. The radial distance (from the Earth center) corresponding
to the TAEM interface altitude, denoted by r, is the assumed radius
of the great circle arc. The great circle arc is depicted by the dashed
line in Fig. 1. In general, the length S of a trajectory is given by

iy Er dE Ve Vdv
S:/ th:—/ —:_/ _ )
0 g DP(E) v, D+gsiny

With the required trajectory length given by the great circle arc ap-
proximation,a drag accelerationprofile is specified thatis consistent
with this trajectory length. By representing D(E) as a piecewise
quadratic function of E, the shuttle trajectory planning is done ana-
lytically. (For most of the drag segments V rather than E is used as
the independent variable in the shuttle formulation. Because y =0
for the assumed great circle arc, the relation between trajectory
length and drag is equally simple for the two choices of indepen-
dent variable. For flight paths for which g siny is not negligible
compared to D, the independentvariable E is preferred.)

In terms of Egs. (2), the shuttle planning can be viewed as follows.
The great circle arc assumption used for the shuttle corresponds

Target

Arc length
dS=Vdt

=—dE/D
N

Initial

Fig.1 Projection of flight path onto constant altitude surface illustrat-
ing the trajectory length and curvature subproblems.

to the conditions ¢ =0, ¢ =0, cosy =1, and r =r,. Under these
conditions the first equation of Egs. (2) reduces to

0’ =—(1/r;)(1/D) (8)

0 is then the angular displacement along the great circle arc or one
can use distance variable R =r 6. Equation (8) is the differential
form of the integral equation (7).

Flying an arbitrary drag accelerationprofile may cause violations
of the constraints. Fortunately, the vehicle constraints can all be
represented as drag acceleration constraints. An entry corridor can
be plotted in the drag vs energy plane. At each energy there is a
maximum drag dictated by the active vehicle constraint. There is
also a minimum drag correspondingto the minimum lift dictated by
the zero bank equilibrium glide condition

Lyin=8 — Vz/r 9

We limit our attention here to the subcircular case for which
(g — V?/r)>0. The shuttle trajectory planning assumes a fixed
angle-of-attackprofile. With o given as a functionof E and r =ry,
there is a unique value of L/D for each value of E. Thus we have

Dmin = Lmin(L/D)7l = (g - Vz/r)(L/D)il (10)

If D isless than D ;,, thereis insufficient lift to achieveeithery’ < 0
or (i.e., y > 0), indicating a lack of maneuverability. By selecting a
drag profile that lies within the entry corridor, satistactionof the ve-
hicle constraints and maneuverability to accommodate dispersions
are ensured. An acceptableheat load is achieved by biasing the drag
profile toward the maximum drag boundary as discussed earlier.
Once the drag profile has been determined, the other trajectory
and control information, consistent with this drag profile, can be
computed. The first and second derivatives of the drag acceleration
with respect to energy provide algebraic relations satisfied by the
state and control variables. At each energy, with the angle of at-
tack given, r can be extracted from the drag model; in general, the
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extracted » will not be 4. The D’ and D" equations can then be
solved for y and (L /D) coso. In this manner a complete longitu-
dinal reference trajectory is prescribed in the target plane.

The reference trajectory is tracked in the longitudinal plane by
tracking the reference drag profile. For tracking, (L/D)coso is
viewed as the commanded variable; bank angle modulation is the
primary means of achieving the command, but « adjustmentis used
as a secondary means. In general, flying the planned drag accelera-
tion profile will require |(L /D) coso| < L/ D, thatis, the lift vector
will be directed out of the vertical plane; hence, (L/D) sino # 0,
and the heading angle will change. Furthermore, the initial (or cur-
rent) heading angle may notbe zero as assumed. Consequently,there
will typically be lateral motion and ¢ will not be zero. The shuttle
guidance handles this lateral motion by defining an azimuth corri-
dor centered on the direction to the target and commanding a bank
reversal when a boundary of this corridor is reached. Handling the
lateral motion in this manner, while neglectingit in the planning, is
a viable guidance approach for the shuttle because its cross ranging
is limited by constraints. In the following, we develop a planning
procedure that allows for entry trajectories with significant lateral
motion.

Combined Drag and Lateral Acceleration Planning

The direct extension of the space shuttle planning to consider
lateral motion starts with the assumption that the hypersonic entry
flight path evolves on the surface of a sphere, with center coinciding
with the Earth’s center. Let the radius of the spherebe givenby 7. At
a minimum we would need to employ the differential equations for
longitude and latitude to plan the motion on this sphere. In addition
to drag, we could treat the heading angle i as a variable to be
specified. However, it is not clear what values of ¢ would lead to a
feasible entry trajectory. Also ¥ is not an accelerationand thus does
not conform to the acceleration guidance concept. By including the
differential equation for the heading angle, we can instead treat the
lateral acceleration L sino as the second variable to be specified.
Although conceptually we view the drag and lateral acceleration
componentsof the total aerodynamicacceleration (or specific force)
asthe variableswe plan, theratio of the lateraland drag accelerations
[(L/D) sino] is a little more convenient than L sino, and we shall
use it.

Reduced-Order System
The reduced-order system for trajectory planning is

/__COSW i ,__sinw i
o= fcos¢(D)’ =" (D)

;L L Lsino cos Y tan ¢ i
w_+V2( D )+ 7 (D) (an

Although we used flight on the surface of a fixed radius sphere to
motivate our approach, we introduce an additional degree of flexi-
bility by specifying 7 as a function of E, not necessarily constant.
We do assume that the flight-pathangle is sufficiently small that set-
ting cosy = 1 causes a negligible error. The approximations r =7
andcosy = 1 are only used when evaluating ', ¢’, and '. We have
implicitly defined the small parameter € = (r — ) /7, employed the
expansionsr ' =771(1+¢e+ ---)andcosy =1—y2/2+ ---,and
neglected the O(e, y?) terms in the differential equations for 6, ¢,
and ¢. Compared to the accuracy with which the drag and lateral
accelerations can be measured and tracked, the O(e, y?) terms are
negligible. Once 0, ¢, ¥, D, and (L/D)sino are determined, an
extraction algorithm described later can be used to determine the
corresponding values of 7, y, «, and o. The extracted values of r
and y in general will not be 7 and 0, respectively.

Equations (11) are the kinematics relating the drag and lateral ac-
celerations to the longitude, latitude, and heading angle and energy
(energy being the independentvariable). The planning methods pre-
sented in this paper are based on these kinematics. An alternative
to using this third-order kinematic system is to use the fifth-order
system (2). In using the third-order system, we are eliminating the
vertical dynamics as represented by the differential equations for r

and y. The potential advantage of eliminating the vertical dynamics
istoavoidtherelativelyfast phugoid-likeexchangesbetween kinetic
and potential energy that would make integration of the differential
equationsystemmore difficult and sensitive. Although we do notex-
plicitly considerthe vertical dynamics, they are implied by variables
we do consider. For a givenenergy and angle of attack, the drag spec-
ifies a radial distance r. The first derivative of drag with respect to
energy is related to the flight-pathangle y, and the second derivative
of drag is related to the longitudinal component of the lift accelera-
tion L cos 0. These relations will be used to extract these variables.

It is our purpose in this paper to contribute to the developmentof
this reduced-orderapproach. Assessing whether or not the reduced-
order approach is indeed advantageous relative to the full-order
approach is left for future work.

Desirable Control Set

We need to define the desirable set of values of the intermediate
controls D and (L /D) sino. The first step is to express the vehicle
constraints as constraints on the drag acceleration® The dynamic
pressure, aecrodynamic acceleration, and heating-rate constraints
take the form

D =< ¢uixSCpla, M(E, )]

=

L 2
D fAmax 1+ {B[‘L M(E7;)]}

. Cpla, M(E,P)]S

D= QmaxW (12)
We approximate r by 7 in these constraints. Then at each value of
the energy in the range [Ey, E /], the drag constraints depend only
on «. We now describe the process for generating the desirable set
of values of the controls [D, (L/D) sino] at each value of E. The
drag constraintsare the only hard constraints that limit the values of
the intermediate controls. What we are calling the desirable set is
furtherrestrictedby requiringthatan equilibriumglide conditioncan
be satisfied. An example of the desirable set for a particular value of
normalized energy is shown in Fig. 2. Normalized energy is defined
as (E — Ey)/(Es — Ey) such that the initial and final values are 0
and 1, respectively.

For a given value of & € [0min, ®max], the maximum drag accel-
eration Dy, is the least upper bound dictated by the three drag
constraints. For the same value of o, we compute the L /D. Next we
plot the [D, (L/D) sino] curve generated by different values of o
according to

8 [2/; L . L 2 L
D= ———— 1 __ — o
= ( / ) S , SInoc = (1 COoS 0')2 (13)

) -

~ . ax-Drag purve

o
¢ ‘min

“Max Eq. éﬁdé Curve
; (e

max’

L/Dsin(c)

Drag (ft/s?)

Fig. 2 Desirable control set for a normalized energy of 0.5 and a
reusable second-stage vehicle model. Each - - - curve shows the val-
ues of [D, (L/D)sin o] for a fixed o as « is varied.
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The first equation is derived from the level-flight equilibrium glide
condition. As earlier, we only consider the subcircular case for
which (g — V2/r)>0. With L/D fixed by the value of «, speci-
fying o determines the value of D, which balances the lift force
with the effective weight [m(g — V2/r)] and also determines the
lateral acceleration L sino, or equivalently (L/D) sino. We start
with ¢ =0 and work up to the value of ¢ for which D = D,,,;
larger values of o are not allowed. The curve for negative values
of o is just the reflection about the D axis of the curve for positive
o. Repeating these calculations, for each value of « the curves of
[D, (L/D) sin o] generatethe desirable set for a given energy. Then
repeating the preceding process for each energy, the entire desirable
set is generated.

In Fig. 2, for a normalized energy of 0.5 we show the maxi-
mum L/D equilibrium glide curve (the one corresponding to the
value of « that yields the maximum L /D) and the maximum alpha
(40-deg) equilibrium glide curve; these two curves define bound-
aries of the desirable set. The dashed curves are the values of
[D, (L/D)sino] for a fixed o as « is varied. Also shown is the
maximum drag curve through the points that are the maximum val-
ues of drag and the corresponding values of (L/D)sino for the
range of « values; this curve is also a boundary of the desirable set.
In the example, oy, is the @ correspondingto (L /D)y - If amiy 18
less than the value for (L /D)y, then the maximum (L /D) sino
point on the maximum drag curve would not correspond to & y-
The largest desirable set has a boundary on the maximum L/D
equilibrium glide curve because the progression of the equilibrium
glide curves with « reverses direction at the value of o correspond-
ing to L/D,,. This is because in hypersonic entry the vehicle
operates on the side of the L /D vs «a curve where increasing o
decreases L/D.

Being in the desirable set is important because for each pair
[D, (L/D)sino] in this set there is a corresponding pair («, o)
such that the drag constraints are satisfied and equilibrium glide
flight is possible. If the pair [D, (L/D) sino] is in the convex hull
of the desirable set, but not in the desirable set, then there exists a
correspondingpair (o, o) such that the drag constraints are satisfied
but equilibrium glide is not possible. Transient excursions through
this region, such as during a bank reversal, are allowed, but there
will be limited capability to track this portion of the trajectory and
accommodate dispersions.

Feasible Planning

Within the entry trajectory planning problem two subproblems
can be identified (Fig. 1). The trajectory length subproblem (an in-
verseproblem)is as follows: given the trajectorylength S, determine
a consistentdrag profile that meets the drag constraints. The trajec-
tory curvature subproblem s the following: given the drag profile,
determine the lateral acceleration profile that minimizes the target
error. In terms of these subproblems, the onboard trajectory plan-
ning for the shuttle consists of solving only the trajectory length
subproblem, under the restrictive assumption that the trajectory has
no curvature in the horizontal dimension.

A natural extensionof the shuttle method is the following feasible
trajectory planning concept:

1) Estimate the trajectory length, and solve the trajectory length
subproblem to obtain an initial drag profile.

2) Using the current estimate of the drag profile, solve the trajec-
tory curvature subproblem.

3) Based on the solution to the trajectory curvature subprob-
lem, adjust the trajectory length and resolve the trajectory length
subproblem to obtain a revised drag profile.

4) If the target error is sufficiently small, stop; otherwise, repeat

steps 2-4.
This successive approximation method generates a feasible trajec-
tory. The first step is the shuttle planning of the drag profile. By
including the remaining steps, both drag and lateral acceleration
profiles can be planned, and an entry requiring significant trajectory
curvature can be handled.

A particular version of feasible trajectory planning has been
developed and tested. The method is initialized by specifying an
energy-dependent angle-of-attack profile and estimating the re-

quired trajectory length as the length of a great circle arc at
7 = (rg +r¢)/2. The drag profile is represented as a function of en-
ergy by three linear spline segments. The endpoints of the profile are
fixed to desired initial and final drag values, and the second segment
is specified as a constant drag profile. These constraints and conti-
nuity requirements specify all but one of the parameters. The drag
constraintscan be met eitherby insertingconstraintarcsinto the drag
profile or by introducing additional parameters to move the profile
within the constraintboundaries. Using a Newton iteration scheme,
the free parameter is determined such that the specified trajectory
length is achieved. With the trajectory length subproblem solved in
this manner, we proceed to the trajectory curvature subproblem.

The trajectory curvature subproblem is solved by determining
the magnitude of (L /D) sin(o) and then determining the sign of
(L /D) sin(o) by integrating the reduced-ordersystem. The magni-
tude of (L /D) sin(o) is determined either by assuming equilibrium
glide flight or from knowledge of D”. The latter alternative is the
correct approachbecause, once the drag profile is specified, the ver-
tical component of lift is specified by D", but the equilibrium glide
approachis simpler and may be adequate. With the equilibriumglide
assumptionand the specified alpha profile the desirablesetcollapses
to a single curve in the [D, (L /D) sino] plane, which is symmet-
ric about the D axis. This curve illustrates that the magnitude of
(L/D)sin(o) is a function of D at each energy. Thus, given D (E)
we can compute (L/D) cos(o) and |(L/D) sin(o)|. Alternatively,
we can obtain the vertical component of L/D by differentiating the
drag acceleration from Eqs. (3) twice with respect to energy, which
yields

D" =a+ b[(L/D)cosc] (14)
where
c;c2 ¢, 2\ 4D
_plZ2_Zp ) pflo . =) _2Z
“ (CD cg)+ (CD+V2) Ve
. 1 1+2g V2
AV ZIACEEE:
1 1 28
b=-—(—+=
3)

and h, = —p(dp/dr)~" is the density scale height and then solving
for (L /D) cos(o), which yields

(L/D)coso = (1/b)(D" — a) (16)

In Egs. (14) and (15) we have used the approximationscosy = 1
and D + gsiny = D and neglected a term proportional to sin’ y.
Because D has been determined in the form of a three-segment
linear profile, the values for D’ and D" are known to be a constant
and 0, respectively, for each segment. For our numerical results we
calculatethe value of C7, using a finite differenceapproximationand
assume C;, = 0. Using the alpha profile and » =7, (L /D) cos o and
L /D can be computed and then used to compute [(L/D) sino | by

I(L/D)sina| = ((L/D)* — [(L/D)coso}?  (17)

With the values of L /D, L /D coso,and |L/D sino | determined
by one of the two methods, all that remains is to specify the sign
of (L/D)sino, or equivalently, the sign of the bank angle o. The
sign of ¢ at the initial energy is taken to be the sign of ¢ (Ej). Then
assuming a single bank reversal, modeled as a constant maximum
rate change through o =0 to the same bank angle with the opposite
sign, the energy at which the bank reversal is initiated is adjusted
iteratively using a secant method to minimize the cross-range error
at the final energy. The final longitude and latitude are predicted by
integration of the reduced-order system.

After the solution to the trajectory curvature subproblem con-
verges to a specified tolerance, a revised trajectory length (S;) is
computed by

S = Si_1 +[So —76; -1 (Ep)] (18)
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where Sy is the initial estimate of the trajectory length based
on the great circle arc assumption, the subscript i =1,2,3...
is the iteration index for the trajectory length subproblem, and
[So —76;_1(E)] is the downrange that must be added to reach
the target. In the coordinate system we use the correct downrange
distance to the targetis Sy, and if the correct downrange is achieved
inthe ithiterationthen76; (E;) = S,.If |S; — S; _ ;| is notless thana
specified tolerance,then the trajectorylength subproblemis resolved
using S; to update the drag profile.

The final desired trajectory is obtained by iterating between the
trajectory length and curvature subproblems. The stopping criterion
for the iterationsis that the final errors in 0 and ¢ are within specified
tolerances or the solution stops improving. It is of course possible
to specify final conditions for which no feasible solution exists. For
the specific algorithm we have proposed, the search for the bank
reversal energy is the most time consuming because it requires nu-
merical integration. The solution of the curvature subproblem takes
between 10 and 15 iterations to converge within 1 nmile; longer
trajectories require a number of iterations at the higher end of this
range because the bank reversal energy has to be determined more
precisely.

This planning method will generate a feasible trajectory that can
be used eitherdirectly or as a starting solution for the optimal trajec-
tory planner described in the next subsection. At the expense of in-
creased computation, greater flexibility in shapingthe trajectory can
be achieved by allowing more than one bank reversal and represent-
ing the drag profile with more and/or higher-order spline segments.
We have used the linear spline to illustrate our method, but expect
that this will not be adequate in general. In describing the shuttle
guidance algorithm, Harpold and Graves® state that “selection of
the shape and the number of drag acceleration profile segments is
dependenton the vehicle configuration, vehicle constraints, and the
type of mission to be flown.”

Optimal Planning

Another approachto entry trajectory planningis to pose and solve
an appropriate optimal control problem. Relative to the feasible
planning approach, optimal planning offers more capability at the
price of greater computational complexity and effort. We present a
formulation based on the reduced-order system in which the drag
and lateral accelerations are considered to be the control variables.

The optimal control problem is as follows: Minimize the perfor-
mance index

2 o v ( 2 2)
J:ww[w(Ef)—lﬁf] +/ |:u)H—+u)u/ v -}-bvv
B /D 1 2
+w¢¢ +wu (b F +b2 +b’§F’i)i| dE (19)

subject to the differential constraints Eqs. (11); initial state condi-
tions x(Ey) = xo; the terminal state conditions I"[x(E ;)] = 0; and
the constraints |v((E)| < v, and [v2(E)| < va,.., VE € [Ey, E/],
where x =(0, ¢, V), u=(u,,u,)=[D,(L/D)sinc], and v=
(v1, v2). Along with the three equations of motion, the two addi-
tional differential equations «| = v, and u’, = v, are included in the
differential constraints. The w and b weighting factors are all non-
negative. The desired final heading angle is specified as a soft con-
straint. Noting that V //D is proportional to dQ/dE, the heat load
isincludedin J if wy > 0. If w,/ > 0, the rates of change of u; and
u, withrespectto energy are penalized.If w, > 0, then the condition
that (u,, u,) belong to the desirable control set is included as a soft
constraint.

The functions Fi, F,, and F5 represent the maximum drag,
Umax equilibrium glide, and (L /D), equilibrium glide constraint
curves, the boundaries of the desirable set as shownin Fig. 3. One of
these functionsis equal to unity when (u, u,) is on the boundary of
the desirable set. The equationsfor F;, F,, and F3 that approximate
the boundaries of the desirable set are

AL/Dsinc ( (E)P (E))

Max L/D Eq. Glide

\ _\\\\\\

POE),PIE) "P(”’ N
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Fig.3 Approximated boundaries for the desirable set at a particular
energy.
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where P (u;) is a linear function of u; that approximates u, along
the maximumdrag boundary. P’ (E) through P® (E) are nth-order
polynomialsin E; they allow the functions F, F,, and F; to vary ap-
propriately with energy. P(V(E), P®(E), and P® (E) fit the min-
imum drag, maximum (L /D) sino and maximum drag occurring
on the maximum alpha boundary. P®¥ (E), P®(E), and P (E)
fit the minimum drag, maximum (L /D) sin o, and maximum drag
occurring on the (L/D)m.x equilibrium glide boundary. Figure 3
shows how the three-dimensional corridor is approximated by the
polynomialfits of P — P® and P, as functionsof energy. The ac-
curacy of the functions F, and F3 in approximating the boundaries
of the desirable set is not vital to the planner because equilibrium
glide constraints can be violated for short periods of time. On the
other hand, the accuracy of the function F; is important because it
represents the maximum drag boundary, a physical limitation of the
vehicle. To ensure that the inaccuracy of F; does not allow for a
violation of the drag constraint, the maximum drag limit is reduced
slightly from its actual value. For the numerical results presentedin
this paper, a value of n =7 was used, and the maximum drag limit
was reduced by about 5 ft/s?.

With the desirable set defined by the three approximate bound-
aries and the various terms in the performance index, a variety of
optimal control problems could be posed. Constraints on the desir-
able set, terminal conditions, and control rates can be enforced as a
combination of either hard or soft constraints. Based on our experi-
ence, the most effective formulation has hard constraintson the final
longitude, final latitude, maximum drag boundary, and control rates
and soft constraints on the final heading, the control rates, the o,.x
and (L /D)max boundaries, and the maximum drag boundary. Using
the type of soft constraints on the desirable set defined in Eq. (20)
favors trajectories that are in the interior of the desirable set. Hard
constraintson the final longitude and latitude ensure that the trajec-
tory satisfies these terminal conditions accurately. To prevent rapid
changesin the drag and lateral accelerationsand limit the number of

P“«E)} u,(E) — PO(E) T

P (E) = P (E)

ui(E) — PO (E) T
PY(E) = P°(E)
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bank reversals,both hard and soft constraintson the control rates are
imposed.

Determining Remaining State and Control Variables

We use a reduced-ordermodel to simplify and reduce the numeri-
cal sensitivity of the trajectory planning computations. The reduced-
order trajectory planning determines 6, ¢, ¥, D, and (L /D) sino
as functions of E. The remaining state and control variables can be
determined from this information and the differential equations.

Differentiating the model for the drag acceleration with respect
to E and neglecting derivatives of the drag coefficient yields

, C, 2 1 2g 1\ .

D _(CD+V2)D+(h5+V2)S1ny 2n
Because D'(E) is known from the planning, there is enough infor-
mation, usingr (E) =7 (E), to determine y (E). Using a finite differ-
ence to approximate ' (Ey), we then have four algebraic equations
correspondingto D, (L /D) sino, D', and y’ from which to extract
the values of the four unknowns r, y, «, and o at the initial energy
E,. For the feasible planner the « profile is assumed a priori and
does not need to be computed. This procedure can be repeated at
each energy step, but better results are obtained by applying Euler
integrationto the r" and y’ differential equations to propagater and
y from the values computed at Ey. The controls & and o are com-
puted at each step from the known values of , D, and (L/D) sino.
The values of r, y, «, and o computed in this manner, combined
with the values of 0, ¢, ¥, D, and (L /D) sino from either planner,
will be referred to as the reference trajectory and controls.

With the controls « and o determined for the entire range of en-
ergy and with the state variables determined at the initial energy,
the equations of motion (2) can be integrated to compute the state
variables and corresponding values of D and (L/D)sino at the
other values of energy. The information at the other energy values
computed by this open-loop simulation will in general differ from
the referenceinformationcomputed by either the feasible or optimal
planner and the extraction procedure just described. To reduce the
differences, feedback terms can be added to better track the refer-
ence D profile. For the purpose of this paper, simple feedback laws
are used: the angle-of-attack and bank angle determined from the
algebraic extraction are incremented by

Aa=k,Cp(D, — D), Ao =%[kyAa —k; (D, — D] (22)
where the sign of Ac is taken to be the same as the sign of . We
will refer to the simulation with the controls incremented in this
manner as the closed-loop simulation.

Results and Discussion

Results for the feasible and optimal planners are presented for
the purpose of illustrating their capabilities. A detailed analysis and
performance assessment is beyond the scope of this paper.

Feasible Planning

The feasible planning algorithm was coded and tested in the
MATLAB® environment using an X-33 vehicle model.! Accord-
ing to the model, the X-33 has a weight of 83,000 Ib, reference
area of 1608 ft?, maximum C, of 0.8, and maximum L/D of 3.7
at an angle of attack of 11 deg. Figures 4 and 5 shows a solu-
tion from the planner for boundary conditions corresponding to a
baseline Michael 10al trajectory.” Michael 10al is a suborbital
trajectory designed for the X-33 program to yield the least aerody-
namic and thermal loads. The descent phase of the trajectory begins
at a position of —116.15° longitude and 36.59° latitude and ends at
TAEM interfaceconditionsappropriatefor landing at Michael Army
Air Field. The TAEM interface positionis —112.95° longitude and
40.22° latitude. The initial heading is 35.04° from north. These an-
gles are transformed to the target coordinate frame. The initial and
final altitudes (h=r —r,) and velocities for the 10al trajectory
are hg=1.727 x 10 ft, h; =9.6 x 10™ ft, V, =9501.297 fus,
and V;=3000 ft/s. The constraints on normal acceleration, dy-
namic pressure, and maximum angle of attack are gy,x =400 1b/ft?,
Apax = 80.5 ft/S?, ooy =40 deg, and o, = o for (L/D) . The
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tolerancesfor determiningconvergencewere 1 n mile errorin down-
range and 0.35nmile error in crossrange. The planner achieved
a final error of 0.3nmile from the desired target. The computed
drag profile is shown in Fig. 4 and remains within the drag con-
straints. The assumed « profile and the computed o profile are plot-
ted in Fig. 5. A finite bank reversal maneuver with |o| =5 deg/s
was used. The required |o| is less than 5 deg/s everywhere
else.

Optimal Planning

As a first step in assessing the efficacy of the optimal planning
approach, we present and discuss results obtained by solving the
optimal control problem with a general purpose optimization code:
the Sparse Optimal Control Software (SOCS).'® SOCS solves the
optimal control problem using a direct transcription method. The
state and control variables are discretized to cast the optimal con-
trol problem as a nonlinear programming problem. The solution to
the sparse nonlinear programming problem is then determined us-
ing sequential quadratic programming. We envision that a special
purpose optimization algorithm would be used for the onboard im-
plementation of our approach for faster computation and reduced
code size and complexity. For onboard, real-time implementation,
the desirable set could be characterized in a simpler manner than
already stated. In any case the characterization of the desirable
set is done in the design of the guidance algorithm and is then a
fixed part of the algorithm, unless there are changes to the vehicle
constraints.
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The optimal planning algorithm was applied to the X-33 model
and the same baseline boundary conditions for the Michael 10al
trajectory. The reference radius as a function of energy and initial
guesses for the drag and lateral acceleration profiles were ob-
tained through linear interpolationbetween the initial and final val-
ues. The weighting factors for the performance index [Eq. (19)]
were wy =0,wy =5.55 x 1074, wy =0,w, =5X 107%, w, =0.2,
b,=500,b, =0.3, b, =3.5,and b; =0.7. Figure 6 shows the desir-
able set of intermediate controls and the computed optimal solution.
The solution lies within the desirable set.

The integral penalty on ¢ limits the lateral excursions from a
“straight” path to the target, i.e., from a trajectory with ¢ =0. As
the weighting factor w, is increased, the number of bank reversals
increases while the maximum lateral excursion decreases. Trajec-
tories obtained from the planner with and without a penalty on ¢
are shown in Fig. 7. The weighting factors for the performance in-
dex are the same as already stated except that w,» =1 x 107°. The
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0°; and the final longitude and latitude are 4° and 0°, respectively.
In comparison to w, = 0.0, a weighting factor of wy = 0.7 reduces
the maximum lateral excursion from 0.5 to 0.1 deg by introducing a
second bank reversal. We note that the maximum lateral excursion
varies continuously with w,,, whereas the number of bank reversals
is a piecewise constant function of wy. It is thus possible to vary
the maximum lateral excursion to some extent for a fixed number
of bank reversals by adjusting w.

If the available energy is greater than the minimum required to
achieve the specified longitude and latitude, a range of final head-
ing angles can be reached. It may then be desirable to achieve a
particular final heading angle within this range, e.g., to align the
vehicle with the runway. With the two-dimensional shuttle planner
itis not possible to specify the final heading angle; with the optimal
three-dimensional planner it is. A reusable second stage vehicle
model supplied by Boeing is used to generate results illustrating
this feature. The reusable second stage has a weight of 85,000 lb;
reference area of 1300 ft*>; maximum C; of 3.6; and a maximum
L/D of 8.0 at an angle of attack of 10 deg. Figure 8 shows sev-
eral trajectories generated under identical conditions, except that
different final heading angles are specified via a penalty term in the
cost function. For this entry problem the feasible final heading an-
gles range from —20 to 90 deg. With a shorter downrange require-
ment a larger range of final heading angles is reachable, —20 to
160 deg, because there is more energy available for turning. Several
trajectories spanning this range of final heading angles are shown in
Fig. 9.

Extraction

Once a solution is obtained by either the feasible or the optimal
reduced-orderplanner, the remaining state and control variables can
be extracted. The extraction algorithm, described in the preceding
section, was applied to the reduced-ordersolution from the optimal
planner shown in Fig. 6. Data from the computed reference trajec-
tory were then used, as described earlier, to drive open-loop and
closed-loop simulations. For the closed-loop simulation the gains
in Egs. (22) were setto k; = 1, k; = 0.05, and k3 = 0. The reference,
open-loop, and closed-loop altitude, flight-path angle, angle of at-
tack, bank angle, and drag are compared in Figs. 10 and 11. The
open-loop« and ¢ are not shown because they are by definition the
same as the reference values. The altitude and flight-path angle do
not differ much between the three cases. The closed-loop angle of
attack differs by a maximum value of 3 deg from the reference angle
of attack, whereas the closed-loop bank angle differs only slightly
from the reference bank angle. Relative to the reference longitude
and latitude at the final energy, the maximum error when translated
to distance on the ground is 2.7 n miles for the open-loop case and
0.16 nmile for the closed-loopcase. Figure 11 shows thatthe closed-
loop simulation tracks the reference D more closely than the drag
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Fig. 10 Extracted state and control variables as functions of normal-
ized energy a) ~, b) altitude, and ¢) o and o.

acceleration from the open-loop simulation. The jaggedness of the
open-loop drag acceleration is caused by the use of aerodynamic
look-up tables in the extraction algorithm. Compared to the differ-
ences in the drag acceleration, the lateral acceleration differences
are much smaller for the three cases.

The closed-loop trajectory and controls could be used as a re-
vised reference. Because the state and control variables satisfy the
equations of motion, it should be easier to track.
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Fig. 11 Comparison of reference, open-loop, and closed-loop drag
accelerations.

Conclusions

Three differential equations that are the kinematic relations be-
tween the aerodynamic accelerations and the position and velocity
variables with energy as the independent variable have been used
as the basis for two methods of planning the drag and lateral accel-
eration profiles for an entry trajectory. The first method produces
a feasible trajectory for a given angle-of-attack profile. It is a di-
rectextensionof the drag accelerationplanning method used for the
shuttle and can accommodate large cross-range entry because it ac-
counts for the lateral curvature of the trajectory. The second method
requires more computation, but produces an optimal trajectory as-
suming that the drag and lateral accelerations can be independently
adjusted within limits via angle-of-attack and angle-of-bank varia-
tions. The second method has greater capability to shape the entry
trajectory. The methods have been demonstrated using an X-33 ve-
hicle model. The optimal method is capable of achieving a specified
final heading angle and adjusting the number of bank reversals.
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